Introduction
In the previous paper [6] we have shown the examples of hyperelliptic Riemann surfaces of infinite genus such that the Riemann's theta functions associated with them are absolutely convergent.
In the present paper we shall study the formal properties of formal theta functions of countably many variables, analogeous to the case of finite variables [3] , [4] : the canonical base and the addition formula etc. .
In §1, we shall define the formal theta functions of countably many variables with rational characteristics in the same way as [3] , [4] , and show the formal properties of these functions.
Section 2 is concerned with the special case: the infinite products of the elliptic theta functions with rational characteristics. We shall recall the sufficient conditions under which these theta functions are absolutely convergent and take Jacobi's expression of the elliptic theta functions as infinite products. 1 ) Using this expression we shall give the proofs of our results, which are analogeous to the case of finite variables [3] , [4] , The auther expresses his appreciation to Professor Morikawa for his suggestions and encouragements during the preparation of this paper. 
Notations and conventions
we have the following multiplicative rules:
Let Horn (£?,£*) denote the group of all the homomorphisms of the additive group Ω into the multiplicative group JB* of units in the residue ring B. Then U, U' 1 and Q(a) (a e Ω) may be regarded as the elements in Horn (Ω,B*) defined by
The function <9 M {Q\U) does depend on the choice of the representative a of
[α]. 77t£ ίΛtfta zero values are also defined by
The theta zero value #[ α j(Q) is regarded as the specialization of $ι with respect to the replacement of ϊ/? («eQ; i = 1, 2, ) by 1.
From the definitions (1. 1) and (1. 2) we have the following formulae:
The products of ϋ ίa] {Q\U), % 3 (Q) ([α], [6] e ^4) can be defined as the series in U and ζ), hence the polynomial ring Z[{# [α] 
is well-defined. and φ{U) satisfies the difference relation:
We mean by M R (n; S) the i?-module of formal theta functions of type (»; S) with coefficients in the ring R. Then a formal theta functions of type {m x n; S x T) with coefficients in a ring R is a formal series
{m e S*, n e T*) and satisfies the difference relation
Let 9(C7) = 2 A m U(ιm) 2 be a formal theta functions of type (n S) with meS* coefficients in a ring 7?. Put neS* Then 9(ί/(x)jF) is a formal theta function of type (n x n; S x S) with coef-
We shall show the following LEMMA Proof. From the definition it follows that
Putting
we have
By virtue of the definition 1 and (1. 3), it follows that [6] (Q11/ (gT hus we have proved Lemma 1, Q.E.D.
1. 5 We shall show analogeous formal results to the case of finite variables [4] : the practical methods we shall use to prove them are to be expounded in the next section. e shall obtain certain relations as corollaries of the addition formula. In the same way as [6] We shall start with a lemma which will be needed for the proof of the proposition. 
4
We shall give Jacobi's expression for the elliptic theta functions with rational characteristics as infinite products, which is a generalization of Jacobi's expression of so called Jacobi's theta function $ 3 {z, #) 4) and can give not upper estimations only but lower estimations of these theta functions. PROPOSITION 
(JACOBI). Let [a] be in QjZ. Then
Proof Consider the product composed of a finite number of factors
This expression developed according to positive and negative powers of u is of the form
Therefore it follows that
4) See p. 464 and 469 in [7] .
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The following identity, which may be at once verified, 
Therefore we have (M e Q/Z).
2. 5 Proo/ 0/ Proposition 5.
Step 1°. Let / be any finite subset of H + .
Then we shall show that the subsystem 
